Pr edicting Re ectance Functions

fr om Complex Surfaces

A Thesis

Presented to the Faculty of the Graduate School

of Cornell University

in Partial Ful�llment of the Requirements for the Degree of

Master of Science

by

Stephen H. W estin

August 1992 c Stephen H. W estin 1992

ALL RIGHTS RESER VED

Portions c Association for Computing Machinery 1992

Used by permission

ABSTRACT

This thesis describes a physically-based Monte Carlo technique for approxi-

mating bidirectional re ectance distribution functions (BRDFs) for a large class

of geometries by directly simulating geometric optical scattering from surfaces.

The method is more general than previous analytical models: it removes most

restrictions on surface microgeometry

. Three main points are described: a new

representation of the BRDF

, a Monte Carlo technique to estimate the coef�cients

of the representation, and the means of creating a milliscale BRDF from mi-

croscale scattering events. The combination of these techniques allows the pre-

diction of scattering from essentially arbitrary roughness geometries. The BRDF

is concisely represented by a matrix of spherical harmonic coef�cients; the ma-

trix is directly estimated from a geometric optics simulation, enforcing exact

reciprocity

. Microscale scattering events are represented by direct simulation

(e.g., specular re ection and transmission by individual textile �bers) or by a

microscale-a veraged model (e.g., a wave-optics-based statistical BRDF) depend-

ing on the ratio of the wavelength of light to the size of microscale surface fea-

tures. These microscal e events are integrated over some area of larger-scale ge-

ometry to obtain a milliscal e BRDF for the overall surface. The process may be repeated for larger scales of spatial integration. The method applies to rough-

ness and feature scales that are much larger than the wavelength of light, yet

much smaller than the spatial density at which the BRDF is sampled across the

surface, say

, for image generation. Example surfaces include brushed metal and

textiles. The method is validated by comparing with exact solutions and with an

existing scattering model, and sample images are generated with a physically-

based global illumination algorithm.

Biographical Sketch

Stephen H. W estin was born September 21, 1955 in Flint, Michigan. He was

granted the degree Bachelor of Science in Computer Engineering from the Uni-

versity of Michigan, Ann Arbor

, in 1980. He was employed as a system program-

mer and system manager at the Environmental Research Institute of Michigan,

Ann Arbor

, from 1976 to 1982. He then provided software support for struc-

tural analysis at Ford Motor Company

, Dearborn, Michigan until 1984, when he

joined Ford Design Staff in Dearborn to help plan, implement, and support com-

puter graphics tools for aesthetic design. He was assigned to the Ford Design

Centre in K � oln, Germany from 1987 to 1990. Upon his return from Germany ,

he entered the Program of Computer Graphics at Cornell to pursue a Master ’s

degree.

Acknowledgements

First, many thanks to the best of�ce mate and co-author in the world, Jim Arvo.

None of this would have happened without his insight, ideas and encourage-

ment. Thanks also go to Ken T orrance, who always knew the difference between

energy and intensity

, and was patient and lucid in explaining it. Thanks to Don

Greenberg, the driving force behind the Program of Computer Graphics, for tak-

ing a chance on me and helping to guide this research. Ford Motor Company

Design Staff funded a fellowship which supported me during my time at Cor-

nell. Special thanks go to my wife, Barbara, and to Peter and Grace for their

involuntary donation of so much of my time while working on this thesis.

Thanks also to:

� Fran � cois, who let me get involved

� Ben, the keeper of the Rendering T estbed

� Hurf, who kept the machines running

� Julie and Kurk, who helped when it mattered

� David Field, who really hasn’t been forgotten

� Suzanne, who helped with the diagrams

� Brian, who always asked intelligent questions

� Harold, the L a

T

E

XMan

� Sabine Coquillart, who provided the geometric data for the cushion in Fig-

ures 6.17 and 6.20

� Barry

, Giuseppe, and Dave

� the Apollo DN10000 design team, wherever you are

T able of Contents

1 Introduction 1

2 Basic Geometric Optical Scattering 6

2.1 Geometry of Scattering : : : : : : : : : : : : : : : : : : : : : : : : 6

2.2 Scattering Modes : : : : : : : : : : : : : : : : : : : : : : : : : : : : 7

2.2.1 Ideal Specular Re ection : : : : : : : : : : : : : : : : : : : 8

2.2.2 Ideal Diffuse Re ection : : : : : : : : : : : : : : : : : : : : 9

2.2.3 Directional Diffuse Re ection : : : : : : : : : : : : : : : : : 10

2.3 De�nitions : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 10

2.3.1 Energy Flux Density : : : : : : : : : : : : : : : : : : : : : : 10

2.3.2 Radiance : : : : : : : : : : : : : : : : : : : : : : : : : : : : 10

2.3.3 BRDF : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1 1

2.3.4 Directional Hemispherical Re ectance �

dh

: : : : : : : : : : 12

2.3.5 Hemispherical Directional Re ectance �

hd

: : : : : : : : : : 12

2.3.6 Specular Re ectance �

s

: : : : : : : : : : : : : : : : : : : : 12

3 Wheels W ithin Wheels: Representing the BRDF with Spherical Harmon-

ics 14

3.1 Overview of Spherical Harmonics : : : : : : : : : : : : : : : : : : 15

3.2 Representing the BRDF : : : : : : : : : : : : : : : : : : : : : : : : 16

3.3 Extension to Anisotropic Surfaces : : : : : : : : : : : : : : : : : : 16

3.3.1 Reciprocity : : : : : : : : : : : : : : : : : : : : : : : : : : : 18

3.3.2 Storage Reduction and Filtering : : : : : : : : : : : : : : : 19

4 Monte Carlo Estimation of the Coef�cient Matrix 21

4.1 The Monte Carlo Method : : : : : : : : : : : : : : : : : : : : : : : 22

4.2 Application to Estimation of the Matrix : : : : : : : : : : : : : : : 25

4.3 The Probability Density Function p and the Scaling Function R : : 27

4.3.1 Ideal Diffuse Flat Plate : : : : : : : : : : : : : : : : : : : : 28

4.3.2 Ideal Specular Microfac ets : : : : : : : : : : : : : : : : : : 29

4.3.3 General Case : : : : : : : : : : : : : : : : : : : : : : : : : : 31

4.4 V ariance Reduction : : : : : : : : : : : : : : : : : : : : : : : : : : 31

5 From Microscal e to Millisca le 36

5.1 Incident Energy and the BRDF : : : : : : : : : : : : : : : : : : : : 37

5.2 Integrating Over Milligeometry : : : : : : : : : : : : : : : : : : : 38

5.3 Ef�ciency Considerations : : : : : : : : : : : : : : : : : : : : : : : 41

5.4 Convergence Measure : : : : : : : : : : : : : : : : : : : : : : : : : 42

6 Results 43

6.1 V eri�cation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 43

6.1.1 Analytical �

dh for a Regular Geometry : : : : : : : : : : : : 44

6.1.2 Monte Carlo Simulation for a Conical Cavity : : : : : : : : 46

6.1.3 Analytical �

bd for an Isotropic Surface : : : : : : : : : : : : 48

6.2 Simple Anisotropy : : : : : : : : : : : : : : : : : : : : : : : : : : 52

6.3 V elvet : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 57

6.4 W oven Cloth : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 59

6.5 Summary : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 62

7 Conclusion 63

A An Energy-Consistent Ray T racer 66

A.1 Specular Re ection : : : : : : : : : : : : : : : : : : : : : : : : : : : 66

A.2 Specular T ransmission : : : : : : : : : : : : : : : : : : : : : : : : : 68

A.3 Directional-D iffuse Re ection : : : : : : : : : : : : : : : : : : : : : 70

A.4 Selection of the Scattering Probability Density b

p : : : : : : : : : : 71

A.5 Russian Roulette : : : : : : : : : : : : : : : : : : : : : : : : : : : : 72

A.6 Strati�cation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 74

A.7 Converting the Ray T racer for Rendering : : : : : : : : : : : : : : 75

Bibliography 78

List of Figur es

1.1 Scales of Applicability : : : : : : : : : : : : : : : : : : : : : : : : 3

2.1 Geometry of Scattering : : : : : : : : : : : : : : : : : : : : : : : : 7

2.2 Local Scattering Modes : : : : : : : : : : : : : : : : : : : : : : : : 8

4.1 Convergence of Monte Carlo Quadrature : : : : : : : : : : : : : : 24

4.2 Scattering Probability of Ideal-Diffuse Flat Plate : : : : : : : : : : 28

4.3 Scattering Probability of Ideal Specular Microfac ets : : : : : : : : 30

4.4 Scattering Probability in the General Case : : : : : : : : : : : : : : 31

4.5 Strati�ed Sampling : : : : : : : : : : : : : : : : : : : : : : : : : : 32

4.6 An Example of Importance Sampling : : : : : : : : : : : : : : : : 34

4.7 Convergence W ith Importance Sampling : : : : : : : : : : : : : : 34

5.1 T arget Area : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 39

5.2 Edge effects : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 40

5.3 Dimensions of Integration : : : : : : : : : : : : : : : : : : : : : : 42

6.1 Groove Geometry (from Howell and Perlmutter) : : : : : : : : : 44

6.2 Directional Hemispherical Re ectance for Specular Grooves : : : 45

6.3 Directional Hemispherical Re ectance for Specular Grooves : : : 46

6.4 Geometry of Conical Cavity (from Polgar and Howell) : : : : : : 47

6.5 BRDF for Conical Cavity (�

i

= 60

�

) : : : : : : : : : : : : : : : : : : 47

6.6 A Gaussian Surface : : : : : : : : : : : : : : : : : : : : : : : : : : 49

6.7 Comparison of BRDF with Model of He : : : : : : : : : : : : : : : 50

6.8 Comparison of �

dh with Model of He : : : : : : : : : : : : : : : : 51

6.9 Parallel Cylinder Model of Anisotropic Surface : : : : : : : : : : 52

6.10 Plots of Anisotropic BRDF : : : : : : : : : : : : : : : : : : : : : : 53

6.1 1 Parallel Cylinder Model vs. Anisotropic BRDF : : : : : : : : : : : 53

6.12 Isotropic and Anisotropic Aluminum : : : : : : : : : : : : : : : : 54

6.13 Anisotropic Aluminum T eapot : : : : : : : : : : : : : : : : : : : : 55

6.14 Anisotropic Aluminum Wheel : : : : : : : : : : : : : : : : : : : : 56

6.15 Microgeometry for V elvet : : : : : : : : : : : : : : : : : : : : : : : 57

6.16 Ray Paths Through V elvet : : : : : : : : : : : : : : : : : : : : : : 58

6.17 V elvet Cushion : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 58

6.18 Structure of Cloth Model : : : : : : : : : : : : : : : : : : : : : : : 60

6.19 Cloth Model Compared W ith Real Cloth : : : : : : : : : : : : : : 60

6.20 Nylon Cushion : : : : : : : : : : : : : : : : : : : : : : : : : : : : 61

A.1 Local Scattering Modes : : : : : : : : : : : : : : : : : : : : : : : : 67

A.2 Problems with cos b

�

r

Sampling : : : : : : : : : : : : : : : : : : : : 72

Chapter 1

Intr oduction

How can we predict the direction and color of light scattering from a surface?

Since the earliest days of computer graphics, experimenters have recognized that

an image is no more realistic than the model of local light scattering used to make

it [Gouraud 71 ,Phong 75].

Models of local scattering in computer graphics started with ideal diffuse,

i.e. Lambertian, models [Appel 68, W ylie 67 ], but Phong soon added an ad-hoc

model of directional-di ff use scattering [Phong 75] and Whitted added ideal specu-

lar (mirror-like) re ection [Whitted 80]. While simple to compute, these models

exclude many important physical effects and lack the energy consistency needed

for global illumination calcula tions.

Blinn [Blinn 77 ] and others [Cook 82,He 91 ] built on earlier work in radiative

transfer [T orrance 67 ] to introduce progressively more sophisticated, physically-

based, analytical scattering models. These predict the bidirectional re ection func-

1 tion (BRDF) with good �delity to physical measurements, but apply only to sur-

faces of speci�c types of random isotropic roughness.

Several authors have proposed scattering models for anisotropic surfaces.

Poulin and Fournier [Poulin 90 ] developed a closed-form solution for a sur-

face of parallel cylinders or cylindrical grooves, and Kajiya [Kajiya 85] explored

a numerical technique using Fourier coef�cients and bump maps. Neither of

these models guarantees physical consistency (e.g. energy conservation). Each

method is restricted to certain characteriza tions of surface roughness; the accu-

racy of each model depends on how well this description matches the physical

surface to be modeled.

This thesis presents a new method of creating local scattering models. The

method has three main components: a concise, general representation of the

BRDF in terms of spherical harmonics over the incident and re ected hemi-

spheres, a Monte Carlo technique to estimate the coef�cients of the general rep-

resentation, and a means of using scattering at one scale to create a BRDF for

a larger scale. The method uses geometric optical scattering to model rough

surface effects (surface feature size � � where � is the wavelength of light),

using an analytical BRDF model to include smooth surface effects (surface fea-

ture size � �), when wave phenomena must be included. This allows the pre-

diction of scattering from essentially arbitrary geometries, accurately modeling

both isotropic and anisotropic materials such as brushed metals, velvet, and wo-

ven textiles.

3

0.01

0.1

1 mm

100

1000

10

BRDF

Texels

Texture, bump maps

Geometry

Object scale

Milliscale

Microscale

Figure 1.1: Scales of Applicability

approutlined this thesis is applicable wherever the BRDF is an

adequate model of surface geometry

. A local scattering model represents the

smallest scales of geometry in an environment (size � 1 mm); we call this level

microgeometry (Figure 1.1). At the of milligeometry, i.e. features on the scale

of about 1mm, we often use texture maps, bump maps, or texels; at the largest

scale, object scale, it is necessary to model geometry explicitly

, for example with

polygons or parametric patches. The of applicabili ty of each method de-

pend on the rdesired: the upper limit of applicable scale is by

4

the frof sampling acra and the limit is determined by

the wavelength of radiation being modeled.

ultimately depends the Nyquist limit, the highest frequency which

can be reconstructed from discrete samples [Oppenheim 89]. In rendering, no

feature smaller than about twice pixel size need be represented explicitly

. This

size obviously varies with point of view

. When rendering, say

, an interior scene,

objects small as a pencil must be modeled at object when simulating the

view from miles away

, however

, objects as large as trees and buildings can be

modeled as local scattering, so we can think of them microgeometry .

The advent of global illumination methods (e.g. radiosity [84] and en-

hanced tracing [W ard 88 ]) has created another of scale by modelling

the transfer of light between objects in the environment, not just from each ob-

ject to the eye. T o do this, the is sampled in object space, with far

fewer samples than are used for rendering. This lower sampling frequency re-

duces the Nyquist limit, so many objects which are visible at the image sample

frequency (N � 10

5

) fall below the limit of representation at the much lower

illumination sample frequency (N � 10

6

). These small objects can be treated

microgeometry in solving the global energy balance, though they are explic-

itly represented for rendering. Global thus can rely on

the BRDF over a much wider range of simplifying the explicit geome-

try used. These methods demand energy-consistent BRDF

, however

, as any

inaccurac ies can be multiplied through many bounces.

5

The starts with a description of the of geometric optical scatter-

ing, then presents the major components of the technique: the BRDF representa-

tion, the Monte Carlo estimator

, and the means estimating milliscale BRDF

from the micrdescription of surface roughness. Finally

, several examples

of applying the method are shown.

Chapter 2

Basic Geometric Optical Scattering

2.1 Geometry of Scattering

When light strikes an object, generally some will be re ected, some por-

tion be transmitted, and some portion be absorbed. In computer graph-

ics, absorption is of no interest; only re ected or transmitted light can reach the

eye of the observer .

Optical scattering from an opaque surface is de�ned by the geometry in Fig-

ure 2.1. Light strikes a surface from an incident direction (�

i

; �

i

) within some

solid angle d!

i and is scattered in a re ection direction (�

r

; �

r

) over some solid

angle d!

r

. The coordinate system aligned that the z axis is perpendicular to

the surface.

This thesis deals primarily with geometric scattering, where light is assumed to

consist of particles that straight paths through a homogeneous medium

6

7

θ^i θ^r ϕ^i

ϕ^r x

z y dω i dωr

Figure 2.1: Geometry of Scattering

and do not interfere each other

. When all scattering features are much

larger than the wavelength of light used, this assumption is an excellent approx-

imation to the actual propagation of light. When the size of geometric features

of the scattering surfaces approaches the wavelength of light, the light must be

treated waves that can diffract and interfere with each other .

2.2 Scattering Modes

Re ective scattering can be divided into three called ideal specu-

lar, ideal diffuse,

directional [He 91]. These modes arillustrated in

Figur2.2. Ideal specular re ection is a Dirac delta function: zero everywhere

except in the specular direction �

r

= �

i

; �

r

= �

i

+ � . This is a mirror-like re ection.

Ideal diffuse scattering, also known as Lambertian scattering, is independent of

re ection direction. Directional diffuse scattering is everything other than ideal

specular or ideal diffuse scattering; it is the most complex scattering mode. A

8

Ideal specular

Surface normal Er

Ideal diffuse

Ei

Directional diffuse

Ei Ei Ir Ir

Figure 2.2: Scattering Modes given surface may approach one of the pure modes shown in Figure 2.2, or its rbehavior may be a combination of the three modes.

2.2.1 Ideal Re ection perfectly smooth surface, or one which is only slightly rough, will re ect some portion of the incident beam in the specular direction � s

= � i

; � s

= � i

+ � . This specular re ection preserves the solid angle of the incident beam (i.e. d!

r

d!

i

), than spreading the re ected beam over the hemisphere, as with ideal diffuse or directional diffuse scattering. Re ection of unpolarized light from a perfectly smooth of a dielectric (i.e. non-conductive) material is governed the Fresnel equation [Hecht 87]:

E r

= F

2

?

+ F

2 k

= E i

n i

cos � i

� n t

� t n i

cos � i

+ n t

� t

!

2

+

n t

cos � i

n i

cos � t n i

cos � t

+ n t

� i

!

2

(2.1)

9 where E r

and E i

are the re ected and incident energy ux densities (de�ned in

Section 2.3.1), F

?

and F k

are the Fresnel rfor light polarized perpen-

(?) and parallel (k) to the plane of incidence (shown in Figure 2.1), and n i

and n t

are refractive indices. A similar

, but much more expression governs re ection from a conductive surface. Any roughness of the surface at a comparable to or larger than the wavelength of light alter this dependence on incident angle. He [91

has calculated the effects of wave optics and the dependence of effective roughness on incident angle to derive this relation for surfaces whose roughness has a Gaussian autocorrelation function. Specular scattering results from a single re ection from the [He 91 ]; it takes place only at the boundary between two materials of differing constants.

2.2.2 Ideal Diffuse Re ection

Ideal diffuse ris independent re ected direction and depends only on incident direction.

is also known as Lambertian re ection.

I r

k � i

I i

(� i

; � i

) (2:2) where I r

and I i

are the re ected and incident radiances (de�ned in Section 2.3.2) is a constant. This scattering can result from multiple scattering events,either from a rough or from scattering. Either the incident beam scattered many times from a rough or it enters a dielectric, is scattered many times by particles beneath the and scattered back out.

10

2.2.3 Directional Diffuse Re ection

The most complex transfer is directional diffuse scattering, which includes all scattering which is neither ideal diffuse nor ideal specular

. The scattering pattern can take on almost arbitrary

, irregular shapes [T orrance 66 This scattering results mainly from single scattering from a rough surface. Multiple scattering from the surface can also contribute to this component.

2.3 De�nitions

2.3.1 Energy Flux Density

Energy ux density dE the power received, emitted, transmitted, re ected per unit area of a surface,

W m

2

. It applies either to a �nite wavelength band light or for a given wavelength. In the latter case, the units become

W m

3

.

2.3.2 Radiance

Radiance I is the energy ux per unit projected arper unit solid angle (e.g.

W m

2 sr

)

�

d

2

� dA proj

d!

=

d

2

� dA cos � d!

=

dE cos � d!

(2:3) where � is the radiant power (in watts), A proj

is the projected arin the direction of propagation and A is the area over which this energy is distributed.

angle � either � i

� r

in Figure 2.1, depending whether incident or rradiance is being described. The factor cos � accounts for the depen-

1 dence of projected area on � . Radiance is preserved along any path of prthrough an ideally transparent medium (e.g. vacuum), since the

� in the numerator declines as

1 r

2

, and so does the solid angle d! the denominator

. Energy ux density can be from radiance by dE(� ; �) =

d

2

�(� ; �) dA

= I(� ; �) co s � d! : (2.4)

2.3.3 BRDF

Diffuse re ective scattering is completely characterized by the bidirreectance distribution function (BRDF) � bd

(� i

; � i

; � r

; � r

) [Nicodemus 77]. This is the radiance dI r

leaving the in direction (� r

; � r

) as a function of the energy

density dE i

incident on the surface.

� bd

(� i

; � i

; � r

; � r

) =

dI r

(� r

; � r

) dE i

(� i

; � i

)

(2:5)

The function � bd

is called bidirectiona l because it is a function of both the incident and re ected directions; it obeys the law of reciprocity [Siegel 81, p. 65], i.e.

� bd

(� i

; � i

; � r

; � r

) = � bd

(� r

; � r

; � i

; � i

) (2:6) for all angles (� r

; � r

; � i

; � i

). can vary in magnitude from 0 to 1.

in a scattering direction (� r

� r

) is the inner prof the BRDF

� bd

the illumination dE i

(� i

; � i

) over the entire incident hemisphere.

I r

(� r

; � r

) =

Z

� � � bd

(� i

; � i

; � r

; � r

)dE i

(� i

; � i

)

= h� bd

(� i

; � i

; � r

; � r

) j E i

(� i

; � i

)i (2.7)

12 where the symbol

� � denotes over the hemisphere.

2.3.4 Directional Hemispherical � dh

The dirhemispherical re ectance � dh

(� i

; � i

) is the integral of � bd

cos � r

over entire re ection hemisphere [81, 66-67].

� dh

(� i

; � i

) �

Z

� � bd

cos � r

d!

r

(2:8)

It is the total re ected energy ux density per unit incident energy density

,and can never exceed unity .

2.3.5 Hemispherical Directional � hd

The reciprocal with � dh

is � hd

(� r

� r

), the re ectance in a given direction (� r

; � r

) resulting from illumination over the hemisphere. It is the ratio of re ected radiance in the direction (� ; �) to the average incident radiance. If the incident is uniform over the incident hemisphere, the hemispherical re ectances satisfy the reciprrelationship

� dh

(� ; �) = � dh

(� ; �): (2:9)

2.3.6 Specular Re ectance � s

specular re ection is characterized by the specular re ectivity

� s

=

dE r dE i

: (2:10)

13

Since the solid angle of is preserved, the relation also holds for radiance:

� s

=

I r

I i

: (2:

1)

The re ectance is related to the bidirectional re ectance � bd

by

� s

(� i

; � i

) = � bd

(� i

; � i

; � r

= � i

; � r

= � i

�

� i

d!

i

(2:12) or

� bd

(� i

; � i

; � r

= � i

; � r

= � i

� =

� s

(� i

; � i

) cos� i

d!

i

: (2:13)

For specular with 0 < � s

� 1, the bidirectional re ectance increases without bound as d! 0.

Chapter 3

Wheels W ithin Wheels: Repr esenting the BRDF with Spherical Harmonics

A general scattering function for unpolarized light is a function of four variables,

� bd

(� i

; � i

; � r

; � r

) : S

2

� S

2

7! <where S

2 is the unit sphere, � i

; � i

are the elevation and azimuth angles of incidence, and � r

; � r

are the corresponding angles of re-

For a BRDF , � bd

is zero whenever � i

� r

>

�

2

. Since the can take

highly shapes [91,T orrance 66a very method neededto represent it. Fortunately

, a BRDF is generally smooth, making it a good candifor representation by smooth orthogonal functions. Previous authors have used spherical harmonics to represent functions [Cabral 87,Kajiya 84,

Sillion 91], since they form a complete set of smooth functions over the spherKajiya [84 ] used harmonics to derive an analytical scattering function; Cabral et al. [Cabral 87 ] and et al. [Sillion 91 ] used them

14

15 as a numerical approximation to the BRDF

. The representation used in this thesis is an extension of technique; it provides an accurate, concise embodiment the general BRDF .

3.1 Overview of Spherical Harmonics

Any squarfunction over the sphere be exactly represented by an sum of harmonic basis functions, Y lm

(� ; �), of varying order

, l, and degree, m

1

:

(� ; �) =

1

X l=0

l

X m=�l

C lm

Y lm

(� ; �): (3:1)

As with a Fourier representation, we can approximate f by truncating the series to a �nite number of terms. For convenience, we organize this �nite collec tion basis functions into a vector by the convention of encoding both order and degree with a single subscript. Thus f (� ; �) �

n

X k=0

C k

Y k

(� ; �) = C Y (� ; �): (3:2)

Each coef�cient C k

is de�ned by the inner product of (� ; �with the corresponding spherical harmonic basis function:

C k

=

Z

2�

0

Z

�

0

f (� ; �)Y k

(� ; �) sin � d� d�

= hY k

j fi : (3.3)

This follow directly from the orthogonality of the basis functions [W allace 84 ].

1

This thesis uses the surface spherical harmonics, which form a complete orthogonal basis set for functions on the unit sphere; the more general solid spherical harmonics are de�ned over space [Jones 85, pp. 1-2]. Whenever the term \spherical harmonics" is used in this thesis, the technical intent is \surface spherical harmonics".

16

3.2 Repr esenting the BRDF

If we �x the incident direction (� i

; � i

), the is a function of two variables,

(� r

; � r

), and the representation in Equation 3.2 suf�ces. T o account for variation the BRDF with incident direction, the coef�cient vector C in Equation 3.2 can thought of as a function of the incident direction. If a surface has isotropic roughness, assumed in [87 ] and [91the scattering function � bd independent rotation about the normal, and

� bd

(� i

; � i

; � r

; � r

) = � bd

(� i

; 0; � r

; � r

� � i

): (3:4)

Each coefC k

is a function of � i

alone, which can be calcula ted for a number of selected values of � i

and interpolated for all � i

[

87, Sillion 91 ]. In general, however

, a BRDF is a function of � i

as well as of (� i

; � r

; � r

), so a richer repr

is needed.

3.3 Extension to Anisotr opic Surfaces

For an anisotrsurface � i

and � i

must be considered, and none of the previous representations suf�ces [Cabral 87 , Sillion 91 ]. Each coef�cient C k

in

Equation 3.2 is thus a function of � i

and � i

:

� bd

(� i

; � i

; � r

; � r

) �

n

X k=0

C k

(� i

; � i

)Y k

(� r

; � r

): (3:5)

17

Each coef�cient function, C k

(� i

; � i

is de�ned the product � bd

(� i

; � i

; �; �) with the corrspherical harmonic basis function:

C k

(� i

; � i

) = h� bd

j Y k

i re

(3:6) where the \re " denotes integration over the rhemisphere.Reciproci ty (Section 2.3.3) makes the dependence of � bd

on (� i

; � i

) exactly like its dependence (� r

; � r

). Since spherical harmonics concisely reprthe latter dependence, we also use them to represent the dependence on (� i

; � i

expressing each coef�cient function in terms of spherical harmonics. Each element our vector C coef�cients is now represented turn by a vector coef�cients, yielding a matrix M to represent the BRDF

. Each element of the matrix M is given by m jk

=

D

Y j

j h� bd

j Y k

i re

E in

(3:7) where the subscripts \in" and \re " denote integration over the incident and re ection hemispheres, respectively .

of the becomes

� bd

(� i

; � i

; � r

; � r

) �

N

X j=0

N

X k=0

Y j

(� i

; � i

)m jk

Y k

(� r

; � r

)

= Y

T

(� i

; � i

)MY (� r

; � r

); (3.8) where Y (� ; �) is the column vector of basis functions evaluated at (� ; �).

representation the BRDF can also be used to extend the global method of al. [Sillion 91 ], which stores re ected intensity distributions at many sample points in the environment. Since these distribuare represented by vectors of spherical harmonics coef�cients, it is easy to

18 adapt to use the new representation. His method shoots energy from one patch at a time, updating the at each sample point for each He uses spline interpolation in one dimension to get a vector C shot of coef�cients to represent the contribution of the shot. T o use the new matrix representation instead, we evaluate the vector in the incident direction and

it by the M to get the vector C shot

.

C shot

= Y (U)M (3:9)

No other changes are needed.

3.3.1 Reciprocity

Reciproci ty (Section 2.3.3) is an important physical constraint on the BRDF

. As

Equation 2.6 states,

� bd

(� i

; � i

; � r

; � r

) = � bd

(� r

; � r

; � i

; � i

) for all angles of incidence and re ection. If the matrix M is symmetric, then

Y

T

(� i

; � i

)MY (� r

; � r

) = Y

T

(� r

; � r

)MY (� i

; � i

) (3:10) and the apprin Equation 3.8 satis�es Equation 2.6. By that we compute a symmetric matrix M, we can enforce exact reciprocity; previous appr[Cabral 87 , Kajiya 85, Poulin 90, Sillion 91 ] afforded, best, approximate reciprocity .

19

3.3.2 Storage Reduction and Filtering

M can be large; tens thousands elements are typical. Since our representation, like that of [91 ], is based on spherical harmonics, we can adapt two techniques from that to reduce the number of coef�cients

(and corresponding basis functions) needed: the technique causes half the coef�cients to vanish, and the second reduces the high-frcontent of the BRDF

, reducing the number coef�cients needed to achieve an acceptably accurate approximation. Since we deal only with scattering to one hemisphere, we can complete the other hemisphere with an function. W e chose a function that rthe size of the representation: � bd

(� i

; � i

; � � r

� r

) =

� bd

(� i

; � i

; � r

; � r

); this causes half of the coef�cients (those with l + even the rform of spherical harmonics) to be zerbe omitted from the representation, reducing the matrix size by three-quarters. T o economize further , we represent � bd

cos � i

cos � r

of � bd

; multiplication by cos � i

together with the completion described above, forces C

1 continuity at the equator and drastically reduces ringing. T o maintain symmetry of the M, we multiply by cos � r

. Representing � bd

cos � i

cos � r

assures that Equation 2.6 is still satis�ed.

This implementation detail frthe follow ing discussion.

As with a Fourier representation of a function, simply truncating all coef�- with index l > l max

will cause ringing in the apprcalled the

Gibbs phenomenon. T o reduce we attenuate higher frequencies, did

Cabral et al. [Cabral 87], by progressively reducing the magnitude of coef�cients with l

�lter

< l � l max

, where l

�lter

is an empirically-determined threshold. The

20 magnitude is reduced according to a half-Gaussian with empirically-determined width.

Chapter 4

Monte Carlo Estimation of the

Coef

�cient Matrix

The name Monte Carlo was applied to a of mathematical methods �rst by scientists working on the development of nuclear weapons in Los Alamos in the 1940s. The essence the method the invention of games of chance whose behavior and outcome can be used to study some interesting phenomena. [86] many physical simulations, we must evaluate functions that defy classical closed-form solutions. Monte Carlo methods were developed to solve such prthe Monte simulations of the 1940’s solved particle transport problems similar to energy transport. Since Cook et al. introduced the method computer graphics [84 ], these methods have been applied more and more [90, Kajiya 86]. This chapter introduces fundamental conof Monte calcula tions and applies them to the problem of estimating the matrix M of Chapter 3.

21

22

4.1 The Monte Carlo Method

An can be estimated a sum of random samples: this the foundation of the Monte method. Suppose that the integrand can be expressed as the product of two functions, f(x) and g(xwhere f(x) is a probability density function, i.e., f(x) � 0;

Z

1

�1

f(x)dx = 1: (4:1)

The integral can then be estimated by

Z

1

�1

g(x)f(x)dx = E

0

@

1

N

N

X i=1

g ( x i

)

1

A

(4:2) where the x i

are random distributed according to f, E(Z) is the expected value of the random variable Z. T o obtain an estimate, one would

1. Draw the N samples x

1

: : : x

N

from f(x)

2. Evaluate g(x) at each x i

3. Compute the mean of the results.

The simplest case of this pris estimating the de�nite integral of some funcg(x). If the prdensity f(xis uniform over the integration interval

(a; b), the estimator becomes

Z b a

g(x)f(x)d = E

0

@

1

N

N

X i=1

g (x i

)

1

A

: (4:3)

In more complex calcul ations, f and g can be used simulate some physical process. In scattering, f(x) can simulate the probability of scattering in a particular direction and g(x) can model the attenuation in that direction.

23

One important limitation is that a Monte calcul ation gives an estimate of the desired

estimate vary randomly from the true value.

would anyone tolerate the random errintroduced by Monte Carlo calculations? If theris a tractable analytical solution to the integral, one wouldn’t.

Where calculations are inadequate, the integral can often be estimated numerically; this process is called quadrature. Monte Carlo are one class quadrature techniques. There are two main reasons to choose a Monte Carlo approach rather than deterministic quadrature: simplicity and the rate of convergence.

Monte Carlo calcul ation is often the straightforward expression of a physical problem. Optical scattering, where the number interactions along path is generally not known a is a good example of this. Monte Carlo methods easily to multiple dimensions; Equation 4.2 becomes

Z

1

1

g(X)f(X)dX E

0

@

1

N

N

X i=1

g (X i

)

1

A

(4:4) where X is a vector of independent variables and f(X) is the joint probability density function for this vector .

The law of large numbers states that, given that the of g(x) is �nite, estimate converge (probabilistically) to the exact answer as N increases.

That is if � is the exact answer ,

P

0

@ lim n!1

2

4

1

N

N

X i=1

g ( x i

)

3

5

= �

1

A

= 1: (4:5)

The variance �

2 of decreases as

1

N

; giving expected errors (proto the standard deviation � ) decreasing as

1 p

N

. T o show this proba-

24

e will ) ocess and

Carlo integral

to

N

Relative error

Figure Convergence of Monte Carlo Quadrature bilistic convergence, Monte Carlo quadraturused to estimate the value of

R

1

0

cos

�

�

2

x

�

as explained in [Kalos 86 , pp. The results of ten of the calcula tion are shown in Figure 4.1. The trend of reduced erras N increases is apparent; so is the probabilistic nature of convergence. The shaded band has height proportional to

1 p

N

for reference.

Monte Carlo quadrature converges at a rate proportional to

1 p

N

regardless of dimensionality

, but the convergence rate of deterministic quadrature deteriorates as the number dimensions increases. It is always possible to choose a number dimensions which Monte Carlo quadrature converges faster than a deterministic method. Monte quadrature generally becomes superior to deterministic methods at levels ranging from six to ten dimensions [Kalos 86p.

91].

25

4.2 Application to Estimation of the Matrix

If we bombard a specimen with incident rays from an arbitrary direction U =

(� i

; � i

), the can be expressed as

� bd

(U; V) =

p(U; V)R(U; V) cos � r

(4:6) where a ray from direction U will scatter into V = (� r

; � r

) with a probability density p(U; V). The mean scale factor of rays incident frdirection U and scattered in direction V is R(U; V).

T o calcul ate a spherical harmonics coef�cient, we must integrate the product of the BRDF � bd

and the corresponding basis function Y k

over the hemisphere.

C k

(U) =

Z

S

2

� bd

(U; V)Y k

(V)dV

=

Z

S

2

g k

(U; V)p(U; V)dV (4.7) where g k

(U; V) =

R(U; V) cos � r

Y k

(V): (4:8)

Unfortunately have no analytical expression for p or R; we can, however

, use a Monte Carlo simulation to estimate the integral in Equation 4.7. The integral can be interpreted the expected value of g k

(U; V), where V is a random variable with probability density p(U; V). If we de�ne

G k

(U) =

1

N

N

X n=1

g k

(U; V n

) (4:9) where V n

are random samples distributed accorto p,

the expected of G k

is C k

(UG k

is an unbiased estimator of the integral. The rays defrom the specimen in direction V have a mean scale factor R(U; V); 26 this must be multiplied by Y k

(V)= cos � r

to give the expected value g k

for the estimator .

This leaves another integration, that with respect to U:

m jk

=

Z

S

2

C k

(U)Y j

(U)dU: (4:10)

This integration can also be handled via Monte Carlo techniques, this time as quadrature, a discrete approximation to an integral. This is handled similarly , with the estimator e m jk

=

1

N

N

X n=1

C j

(U n

)Y j

(U n

) (4:

1) where the U n

are uniformly distributed over the incident hemisphere. These two sampling processes, each approximating an integral in two dimensions, can combined into one process to approximate the four-dimensional integral desired.

e m jk

=

1

N

N

X n=1

g k

(U n

; V n

)Y j

(U n

) (4:12) where the U n

are distributed and the V n

are distributed according to p.

e m jk

is an unbiased estimator of m jk

.

The simulation yields

f

M, an apprto the symmetric matrix M. Reciprocity of the BRDF is guaranteed only in the limit where N = 1. T o guarantee symmetry and improve the quality of the estimate, average the triangle and the lower triangle of

f

M to obtain a symmetric matrix

1

2

(

f

M +

f

M

T

). The

BRDF � bd

is evaluated using this matrix. The two triangles are independent unbiased estimates of the BRDF; by averaging them to obtain a symmetric matrix,

27 we also reduce the variance of our estimate of M. In our test the approximate matrix

f

M is nearly symmetric, and becomes more so as N increases.

M is thus sum of matrices of rank each of which is the outer (matrix) product of two vectors.

4.3 The Pr obabili Density Function p and the Scaling

Function R

The probability density function p(U; V) and the scaling function R(U; V) are vital to the corrof the techniques described above. They are determined by three things: the local scattering function

b p(U; V), the local scale function

b

R(U; V), and the microgeometry .

b

R (U; V) dimensionless; it serves to convert an incident energy to a re ected energy ux. The prdensity function

b p(U; V) has units of inverse steradians, since it for solid angles of scattering.

choice of the functions

b

R (U; V) and

b p(U; V) should be checked against the followi constraints:

Z

S

2

b p(U; V)

b

R (U; V)dV =

Z

S

2

b

� bd

(U; V)dV � 1 (4:13) bounds energy conservation, and

b p (U; V) is a probability density function in V:

b p (U; V) � 1; and

Z

S

2

b p(U; V)dV = 1: (4:14)

A look at several examples of these local functions demonstrates they are related.

28

Facet Normal

Surface Normal

Microgeometry

Microscale Scattering p�

Milliscale Scattering p

Figure 4.2: Scattering Prof Ideal-Diffuse Flat Plate

4.3.1 Ideal Diffuse Flat Plate

our �rst example, the microgeometry is an ideal-diffuse at plate. Since there is only one planar microfacet coincident with the mean surface,

local and

scattering functions are identical:

b p = p,

b

R = R and

b

� bd

� bd

. W e make plate a perfect scatterer that re ects all incident energy:

Z

S

2

� bd

cos� r

d! 1: (4:15)

Since � bd

is constant for an ideal-diffuse surface,

� bd

=

1

R

S

2

cos � r

d!

=

1

�

: (4.16)

29

W e can now form estimator ,

�

bd

(U; V) = p(U; V)R(U; V)

cos �

r

(4:17)

If we sample the rhemisphere uniformly

, p(U; V) =

1

2� and

b

R(U; V) = R(U; V) =

�

bd

(U; V) cos �

r

p(U; V)

=

1

� cos �

r

1

2�

= 2 cos �

r

: (4.18)

More generally ,

b

R = 2� b

�

bd cos �

r

=

� Z

S

2 d!

r

�

b

�

bd cos �

r

: (4.19)

b

�

bd gives re ected radiance. The term 2multiplies by the angle of the re-

hemisphere to convert to energy ux density

, and the cos �

r term projects

facet differential area dA in the re ected direction. This is the formu-

lation used in all the work for this thesis. Alternatively

, we could distribute

re ected rays according to b

p (U; V) = cos �

r

�

; then b

= � b

�

bd give the correct

estimator

. Such a distribution would cause each re ected to a speci�c

energy

, rather than energy ux density .

4.3.2 Ideal Microfacets

If the micrare pure ideal re ectors, the local scattering function

b

p(U; V) is a delta function; rays can scatter only in the specular direction.

b

p (U; V) = � (U; V)

30

Milliscale scattering p

Microscale scattering p�

Microgeometry

Figure

Probability of Ideal Specular Microfacets

=

8

>

>

<

>

>

:

1

d!

i if V inside d!

r

0 otherwise

(4.20)

where d!

i is the angle of the incident beam and d!

r is the angle the

re ected beam. The function b

p remains a probability density function:

Z

b

p (U; V)d! = 1: (4:21)

The function p(U; V) is determined solely by the geometric arrangement

of microfacets. The local scale b

R(U; V) is the Frre ectance. The Fresnel

r is already dimensionless, converting energy ux to energy ux; dif-

ferential projected ardA

r

= dA

i since �

r

= �

i

. Curved microfacets will alter

the differential solid angle d! , but this is is accounted for in the distribution of

samples over the microgeometry .

31

Milliscale scattering p

Microscale scattering p�

Microgeometry

Figure

Probability in the Case

4.3.3 General Case

The most interesting case involves both a complex microgeometry and a complex microscale BRDF

. The global scattering probability p then comes from the interaction of microgeometry and microscale BRDF

, and cannot generally be predicted analytically

. The of the new method in its ability to simulate the probability density function p and the mean scale factor R, even in cases where it is impossible to calculate their product, analytically .

4.4 V ariance Reduction

The expected error in a Monte calcula tion is proportional to

1 p

N

, where N is the number of samples. For example, to halve the expected error of a calculation with N samples, we would have to draw 4N samples. Plainly any alternate method reducing variance can offer big gains in ef�ciency; reducing error

32

Unstratified Stratified

Figure

Sampling by half effectively makes the calcula four times as fast. Most of the effort in designing good Monte Carlo algorithms goes into reducing variance. There are several major methods used to reduce variance, two of which pertain to this thesis: and importance sampling.

Figure 4.5 shows a domain sampled twice with the same 16 pseudorandom number pairs. On the left, the points are distributed randomly over the entire domain; on the right, it is divided into 16 subdomains and point is placed randomly within each. The pattern on the right is called strati�ed sampling. If the variance of each of the subdomains is less than the of the entire domain, which is likely

, strati�cation will reduce variance. Jitter sampling in rendering [Cook 84] is a familiar example of this. Dividing the area into k subdomains and choosing a random sample point within each gives variance than sampling the entire area with k uniformly-distributed samples.

33

Another to reduce variance is to choose a better prdistribution for the samples; this is called importance sampling. It replaces the \natural" probability density f(x) in Equation 4.2 with another function, f(x)The function g(x) must then be replaced with g(x) =

g(x)f(x) f(x)

(4:22) so the estimator becomes

G =

1

N

N

X i=1

g(x i

)f(x i

) f(x i

)

�

Z b a

" g(x)f(x) f (x)

# f(x)dx (4.23) which leaves the analytical integral unchanged, but revises the estimator .

How should the density function f (x) be chosen? The optimal probability disfunction, if g(x) is non-negative everywhere in the domain, is f(x=

g(x)f(x)

R b a

g(x)f(x)dx

(4:24)

This distribution gives an estimator with zero variance. T o use it, however

, we know the value of the integral already and the Monte calcula tion would be super uous.

T o reduce variance, more samples should be cast in areas where the contrito the integral is great or where the of the integrand is greatest.

Figure 4.6 shows the integrand used in Section 4.1, with the sampling function f (x) =

3

2

�

� x

2

� by Kalos. This matches the shape of the integrand, g(x) = cos

�

� x

2

� quite closely

, reducing variance by causing more

34

integration

: way mean tion matrix

for

x f (x)

g(x)

Figure 4.6: An Example of Importance Sampling

esponding by BRDF

) of

Sillion’s basis

is

N

Relative error

Figure 4.7: Convergence

Importance Sampling

35 samples to be drawn to the side of the interval. The magnitudes of f(x) and g(x) are different because f(x) must integrate to 1 to be a probability density function. Figure 4.7, plotted at the scale used in Figure 4.1, shows the convergence this revised estimator

. The variance has been reduced by two orof magnitude by importance sampling.

Strati�ed is used in the work for this thesis, but importance samwas the Appendix for details.

Chapter 5

Fr om Micr to Milliscale This thesis de�nes levels of geometric of surface roughness: microscale and milliscal e. The goal is to take surface structure, microgeometry

, and BRDF at the microscal e, distill them into a BRDF at the (see Figure 1.1).

The BRDF will accurately represent the variations in scattering, but ignore spatial variations across microgeometry

. Since our scatcalculatio n is based on geometrical optics, microgeometry can only corrmodel features larger than the wavelength of light being simulated;

effects can be included at the microscal e by proper selection of the microscale BRDF .

This chapter explains how to integrate the micrscattering across an entire specimen to obtain the milliscale BRDF

. It starts with basic BRDF de�nitions, describes the microscale scattering events, then explains how individual Monte arincorporated into the milliscal model to ob-

36

37 tain an aggregate BRDF .

At the microscale level, arbitrary re ection models may be employed, includideal specular

, ideal diffuse, and dirdiffuse models. A microgeometry composed of planar ideal-specular surfaces, as in Section 4.3.2, is equivalent to geometric optics models based on microfacets, such as the T orrance-Sparrow model [T orrance 67 ].

W e use ray tracing to model scattering events, as suggested Cabral et al.

[Cabral 87]. The ray tracer must be carefully designed to assure physically ac-

results; it is described in the Appendix.

5.1 Incident Ener and the BRDF

W e are estimating the � bd

, which is de�ned at a given wavelength (Equa-

2.5)

� bd

(� r

; � r

; � i

; � i

) =

dI r

(� r

; � r

) dE i

(� i

; � i

) where dI r

is the re ected radiance and dE i

is the incident energy ux density

, the incident energy per unit time per unit area. This equation holds at both microand milliscal es.

Incident I i

is de�ned as the incident energy ux density per unit projected area per unit angle

I i

�

dE i cos � i

d!

i

: (5:1)

Thus dE i

(� i

; � i

) = I i

(� i

; � i

) cos � i

d!

i

: (5:2)

38

The cos � i

converts receiving area to projected area, accounting for the dependence of projected surface area on � i

.

5.2 Integrating Over Milligeo metry

W e have described the possible microsca le a single ray striking a point on the surface, the is not intended to describe scattering from a sinpoint on the surface. Instead, it characterizes average scattering behavior over some small area; this is why the of this thesis uses a specimen of some area of the surface. W e must integrate over the specimen to get average. Just as the Monte Carlo integration was in Chapter 4 to accomodate the two dimensions of the incident hemisphere, it can be extendedfurther to integrate over a two-dimensional specimen surface. W e can keep the incident energy density constant over all incident directions by keeping both the total incident ux and the receiving surface area constant. Equation 2.5 then becomes

� bd

(� r

� r

; � i

; � i

) =

dI r

(� r

; � r

) dE i

(5:3) wherdE i

is the (constant) incident energy ux density . W e do this by shooting a number of rays (energy ux) and by distributing them over a constant surface area. The simplest to do this to a �xed region of the surface to distribute the samples uniformly over this region at each incident angle.

direction of each ray is determined by the incident angles (� i

; � i

with respect to the mean origin will be calculated so that the ray strike the

39

Figure 5.1: T arget Area plane of the shown in Figure 5.1 in red, at the sample point.

The surface region chosen should be

� much larthan the lateral geometric features of the surface, assura average of large-scale scattering;

� much larger than the thickness of the surface geometry; and

� a subset of the surface geometry .

The last two criteria serve to limit edge efintend model scattering from a portion of an in�nite but rays near grazing incidence can strike the of a �nite model or miss the model entirely (Figure 5.2).

40

Ray exits from side of specimen

Ray enters side of specimen

Figure 5.2: Edge effects

When a ray leaves the specimen, we update the approximate matrix

f

M by adding Y (U)Y

T

(V)R= cos � r

. The reprthe � bd

, represents radiance, but each ray has an energy ux density with it. This ux

is converted accorto

I r

=

dE r cos � r

d!

r

(5:4) where � r

angle of re ection with respect to the plane.

The process integrates over the entire visible from the re ection direction, projected onto the mean surface. Since the angle Since we send m rays the sample and each represents incident energy ux, dI r

=

m

2�

dE r

� r

: (5:5)

41

5.3 Ef

�ciency Considerations

W e can reduce the computation needed maintain the matrix

f

M by holding the incident direction U constant for several re ected directions V, updating the only once for each distinct U. This happens when several distributed rays are spawned at each intersection, as in directionaldiffuse scattering. In addition, we choose several target points on the surface for each U, further amortizing the of updating the matrix. (Figure 5.3). Updating the matrix then a triple sum f

M =

1

N i

N p

N b

N i

X n=1

Y (U n

)

8

<

:

N p

X m=1

N b

X l=1

Y

T

(V ml

)

R nml cos � r

9

=

;

(5:6) where R nml

is the attenuation of a ray from incident direction U n

re ected in direction V l

from target point P m

on the surface. N i

is the number incident directions used, N p

is the number sample positions acrspecimen for each incident direction, and N b

is the number of exit rays resulting from a single incident ray

. This apprreduces the number of evaluations of the spherical harmonics basis functions; N i

N p

N b

samples to update the Y (U) is only N i

times, while Y

T

(V) is evaluated N i

N p

N b

times. The greatest savings, however

, comes in additions; we need perform N i

matrix additions; the other updates simply add and require far less computation.

42

Ni Np Nb incident directions target points per incident direction reflected rays per target point × ×

Figure of Integration

5.4 Conver gence Measur e

Since the exact matrix M is symmetric, we can use the asymmetry our estimate as a measure of convergence in approximating the true BRDF . W e calcula te the error Q as

Q =

f

�

f

M

T

(5:7) where kA=

1

N

2

J

X j=1

J

X k=1

�

�

� A ij

�

�

� (5:8) where J is the of the matrix A. This is perhaps not informative as a direct estimate of the variance of each coef�cient, but is much cheaper to compute and tends to decline as

1 p

N

, which suggests that is directly prto the standard deviation of the estimate.

Chapter 6

Results

T o verify and demonstrate the technique, BRDFs were generated for several surfaces texturmilliscale. V arious microscale BRDFs were used, including pur

ideal specular

, pur

ideal diffuse, and an BRDF that includes wave optics effects. In one method was used recursively by using a micr

BRDF which was itself generated by the new method.

All images shown in this were generated Monte ray tracing; texture of the images is caused by the Monte Carlo integration used to compute global illumination. Other global illumination and rendering have been used, such as that of Sillion et al. [Sillion 91 ].

6.1 V eri�cation

The best means verifying the corrof a Monte calcula tion is to simulate a problem which the solution is already known. This was done for

43

44 three cases: a simple periodic surface geometry

, a conical cavity

, and an isotropic random surface.

θ

Figure 6.1: Groove Geometry (from and Perlmutter)

6.1.1 Analytical � dh

for a Regular Geometry

T o verify the Monte Carlo integration, the analytical work of Perlmutter [Howell 63 ] was duplicated. They calcul enerfrom an asymmetric V

-shaped groove (Figure 6.1) with re ection at the microscale. The microscal e re ectivity

b

� s

in their model was constant all incident angles

b

� i

it did not obey the Fresnel equation. The regular microscal e structure this gives a BRDF with severe spikes, making it dif�cult to approximate with smooth basis functions like the spherical harmonics. Because of this, the simulations were con�ned to the directional hemispherical re ectance

� dh

to verify the Monte Carlo integration. The Howell paper gives emissivity � a function of angle. T o calcul ate the directional-hemisphericare ectance � dh

,

45

ated Howell matrix isfactorBRDF individual

will milliscale a two oscale

θ_i ρ_{dh}

Analytical [Howell 63]

Present Simulation

Figure 6.2: Dir

Hemispherical Re ectance for Specular Grooves we apply Kirchoff ’s law to obtain � = (1 � � dh

)[81; p:73 ]. T wo simulations were performed for a groove angle � = 30

� a microscal e re ectivity

b

= 0:5.

the �rst simulation, the contributions of the re ected were accumulated directly to estimate the � dh

; the results are shown with a solid line in

Figure 6.2, with the emittance results from Figure 4 of the Howell/Perlmutter paper

, transformed to � dh

, as a dashed line. 40,000 rays were shot from each of

100 incident directions. The values were obtained by caremeasurement frtheir Figure 4. The simulation agrees almost exactly with the model; this shows that the Monte Carlo technique capable of excellent accuracy in estimating � dh

.

In the second simulation, contributions of the re ected were used to estimate spherical harmonics coef�cients to approximate the � dh

.

46

rays and

)

ux

� the integration

θ_i ρ_{dh}

Analytical [Howell 63]

Interpolated Simulation

Figure 6.3: Dir

Hemispherical Re ectance for Specular Grooves

Figure 6.3 shows the results of this simulation with a solid line, with the Howell/Perlmutter results again shown as a dashed line. About million rays were shot from random incident directions to estimate the coefcoef�cients up to L = 23 were used, for a total of 273 coef�cients. The result shows good agreement with the Howell/Perlmutter results, but some ringing. The regular structure gives a � dh

with discontinuous slope, which is dif�cult to closely approximate with a �nite set of smooth basis functions.

6.1.2 Monte Simulation for a Conical Cavity

The method implementation were further veri�ed by replicating some work of Polgar and Howell [Polgar 65Their paper described a Monte Carlo simulaof scattering from a conical cavity with an ideal diffuse BRDF at microscale.

47

α�

Figure 6.4: Geometry of Conical Cavity (from Polgar and Howell)

with radiance ea of ]. subsurface k= e ectivities cos cos

q_r r_{bd}

Polgar & Howell

New Method

Figure for Conical Cavity (� i

60

�

)

48

One simulation was run for a cone with half-angle � of 15

�

(Figure 6.4). The cone was approximated as 400 triangles. Microscale re ectivity � dh

(� s

in Polgar and

Howell’s terminology) was 1. Polgar and Howell report directional re ectance

�

� ;�

0 ) ener ux density; this measured from their Figure 8 and divided by cos � r

to convert to intensity comparison. Figure 6.5 shows Polgar results with a dashed

results from the new method are with a solid line. The agreement good. This simulation spawned only one ray at each scattering event (see Appendix that spawned multiple rays failed to agree with Polgar and rThis seems to be caused by bias in the termination procedure (see Appendix).

6.1.3 Analytical � bd

for an Isotropic Surface method also compared to that He et al. [He 91] as further con�rmation of its accuracy

. The He model assumes a at Gaussian-rough surface for which, at the microscal e, the is an ideal specular re ector; it models full wave optics effects for such a rough surface. Re ection is geometric optics in the new method; shadowing and masking effects of the are included through the occlu sion calculatio ns in the tracer . W ave optics effects were not included, except Frcoef�cient for each microfacet.

White noise was �ltered via an FFT to create Gaussian height and the resulting points were connected by triangular facets. Each facet was modeled as a perfectly smooth mirror of pure aluminum. T o integrate over a specimen suf�- ciently large compared to the rheight, area of 8�8 millimeters was

49

4 mm

Figure 6.6: A Gaussian Surface used. T o assure adequate representation the a total of 524,288 polygons was used. The model created in four sections of 131,072 polygons, each generated a different random number seed, represent square patch of surface 4mm wide. One of the sections is shown in Figure 6.6. The roughness length parameters of the were � 10�m vertically and � = 65�m hori-

(Figure 6.6). The used a specimen patch 3.13mm wide in the of the geometric model; this assured that no incident ray could intersect

\side" of the within 2the plane.

Incident angles were restricted to � i

� 88

� to keep the effective rough-

greater than 460 nm, the wavelength employed. This kept behavior in the regime where geometric optics is were the wavelength to approach the size of surface features, wave-related effects would begin to affect

50

was The Howell’s is was q_r r_{bd}^{θi =75°�θi =60°�θi =45°�θi =30°�θi =0�°�SimulatedAnalyticalFigure 6.7: Comparison of BRDF with Model of Hethe scattering. Results are plotted solid lines in Figure 6.7 for incident an-gles �i = 0� ; 30� ; 45� ; 60� ; 75� . Dashed lines show results from the model of He[91], which assumes a Gaussian rough surface and allows wave opticseffects. The He model is shown in the limit of large surface roughness, � � �,where wave optics effects should be negligible.The simulation agrees well with the model for re ection angles lessthan about 80� , but diverges for greater angles. To isolate this discrepancy, thedirectional hemispherical re ectance �dh was calc ulated. This is plotted in Fig-ure 6.8 for three cases: the new method spherical harmonics to interpolate�dh , the model of Monte Carlo integration with no interpolation.The interpolated rshown with a solid line, is plainly wrong for grazingincident angles: �dh cannot be greater than 1 (Section 2.3.4). The raw} 51

analytical

q_i r_{dh}

He

Raw Monte Carlo

Spherical harmonics

Figure 6.8: Comparison of � dh

with Model of He

Monte result, plotted with a dotted line, is physically plausible, though it does not match model (dashed line). The divergence large angles could result from different treatment of shadowing and masking effects near grazing.

interpolated rdiverges from the Monte Carlo results near grazing incident this suggests that the interpolation introduces error . The matrix approximates � bd

� i

cos � r

so the result must be divided cos � i

cos � r to obtain the BRDF

. If the errin approximating this function is roughly constant the hemisphere, dividing by cos � r

to recover � bd

will magnify the error near the (i.e. as � r

!

�

2

). Figure 6.8 shows just such a trend.The error in � dh

at large incident angles is disturbing, but its effect on energy conservation is small. Recall that the � bd

gives a radiance value I r

; the energy E r

scattered in any re ected direction (� r

; � r

) is proportional to I r

cos � r

, rthe effect of the error at high angles of re ection.

52

l

Figure 6.9: Cylinder Model of Anisotropic Surface

6.2 Simple Anisotr opy

The method can create an anisotrmilliscale BRDF from an isotrmicroscale BRDF; the new technique simulates larger-scale anisotropy

. The geometry shown in Figure 6.9 was used with He’s analytical BRDF model [He 91 ] demonstrate this. Each of the cylinders had a microscal e BRDF calculated with He’s method; simulated slightly rough anisotraluminum surface at the microscale, including wave optics effects. The longest simulated wavelength � = 640nm, as shown approximately to scale in Figure 6.9, was small compared to the size of the cylinders. Figure 6.10 shows 3-dimensional plots the resulting BRDF

. The plots differ in that the has been rotated

90

�

The bottom plot shows two lobes because the microgeometry resembles V - shaped greach side of the grooves creates a lobe by re ecting light in a direction.

53

Figure 6.10: Plots of Anisotropic BRDF

Figure

1:

Cylinder Model vs. Anisotropic BRDF

54

Figure 6.12: Isotrand AnisotrAluminum

How well does this milliscal e BRDF capture the area-averaged scattering from this microgeometry? Figure 1 compares a rendering of the microgeomewith a rendering using the BRDF

. The half of the �gure shows microgeometry

. On the left side, the cylinders are oriented with axes perpendicular to the scron the right side the axes are to the screen. Note the surface orientation affects the rthe anisotropic of the surface. The bottom half of the �gurshows a similar scene, but with two at plates replacing the of cylinders. Both use the milliscal e BRDF shown in Figure 6.10. In the half of the �gurthe of anisotropy was oriented perpendicular to the scrin the half, it is oriented to the screen. The patterns are when viewed from a distance, the images look the same. The micrBRDF is important

55

Polishing

Scratches

Figure 6.13: Anisotropic Aluminum T eapot for generating the upper images; the millisca BRDF is used for the lower �gures. The anisotris further illustrated in Figure 6.12, wherthe same object is rendered with two BRDFs for rough aluminum, one isotrone anisotrFigures 6.13 and 6.14 show an aluminum teapot and an aluminum automotive wheel created using this anisotropic BRDF

. The scratches were oriented shown in the inset diagrams. The energy-consistency of the

BRDF

, not guaranteed previous approaches [Kajiya 85, Poulin 90allows an accurate global illumination solution.

56

Polishing Scratches

Figure 6.14: Anisotropic Aluminum Wheel

57

Figure 6.15: Microgeometry V elvet

6.3 V elvet

A more micris that of velvet: it consists of many specular

transparfrom a in roughly directions.

This was as a forest of narrow cylinders, with the angle each cylin-

der perturbed randomly (Figure 6.15). The target area for incident is shown

of the �bers. The at the cylinders would a surface of

micrand result in white directional-diffuse scattering, unlike real velvet.real �bers do not have �ber in the simula-

58

B a s e P l a n e

N a p F i b e r s

A C B

Figure 6.16: Ray Paths Through V elvet

Figure 6.17: V elvet Cushion

59

tion was topped with a hemispherical to approximate random rough ends.

In Figure 6.15 the �bers are shown as ideal diffuse for clarity

. In sim-

ulation, were a transparent plastic material. The index

refraction was 1.5 in all wavelengths; extinction coef�cients (see Appendix A)

were K

�

(5; 45; 45) the red, green, and blue channels, respectively

. When-

ever a ray intersected a �ber

, it was either re ected (with probability equal to the

Fresnel re ectivity) or when it intersected the base plane, it was ab-

sorbed. All scattering was from the nap of the velvet, not from the weave.

Figur6.16 shows threxamples of the possible long, complex that ray

follow

. Ray refracted and re ected until it intersects the base plane

and terminates, BRDF

. Ray B is completely re ected

internally

, strikes the bottom end �ber

, and is re ected back C is

rand re ected, eventually re-emerging. Both ray B and ray C contribute

to BRDF

. Figure 6.17 shows an image made using the resulting BRDF .

6.4 W oven Cloth

The method can also used rto model several scales of roughness;

this is by modeling woven cloth as shown in Figure 1.1. Fig-

ure 6.18 shows the microgeometry used for weave pattern cloth. An

anisotropic BRDF was used to model the scattering from individual �bers in the

threads. The microgeometry

, as with anisotropic aluminum, was a paral-

lel cylinders. The microscale BRDF

, however

, was a Frrfunction

60

Figure 6.18: Structure of Cloth Model

Microgeometry� Microgeometry

Rendered With

Microscale BRDF�

Actual Cloth�

Figure 6.19: Cloth Model Compared

ith Real Cloth

61

Figure 6.20: Nylon Cushion

with index of refraction 1.5 to simulate black �bers. Figure 6.19 has

three parts: on the left, cloth micris shown with an ideal-diffuse

in center

, it is shown with the thread BRDF

, and on right is an

image scanned at high magni�cation from a cloth sample. Figure 6.20 shows

cushion upholsterin black nylon, renderusing BRDF obtained from

process.

62

6.5 Summary

The has shown its usefulness in simulating a wide variety of surfaces,

ranging from brushed aluminum to velvet. It has also shown good correlation

analytical and another Monte simulation.

In summary

, procedure decribed this chapter to calcula te a

BRDF is as follows:

� Decide brof scales (microsca le vs. milliscal e)

� Create the microgeometry

� Obtain a microsca le BRDF

, either from an analytical model or from another

simulation

� Run the simulation

result at this point is a �le containing for the BRDF at several

(3 in all the above). This is in the illumina-

and rphases.

Chapter 7

Conclusion

This thesis introduces a very general method obtaining a BRDF from surfaces

of complex microgeometry

. Not only is method general, but its BRDF repre-

sentation and carphysical simulation assure greater physical accurac y than

previous numerical [Kajiya 85 , Cabral 87]. This method does not sup-

plant models, but complements them. It can simulate complex micro-

but relies on to include

wave effects. Furthermore, the method is the �rst to recursive use to

surfaces several scales of texture. A complex surface with several

levels of scale, such as woven cloth, can be simulated in several steps, by

using the milliscale resulting from one simulation as the microscal BRDF

in the next. The agrboth analytical and previous

Monte calculation.

63

64

The resulting BRDFs are represented in a form concise well-suited

for use in rendering and global illumination calc ulations. The representation

only enforces exact reciprocity

, it also assures smoothness, to avoid vi-

artifacts like quantization

can be easily it

directly useful in ray tracing, including stochastic global illumination meth-

ods [86,W ard 88 ]. The global illumination technique of [91 can be

accommodate representation.

Generating BRDFs in this way can very expensive; of the BRDFs

computed for over a week on a powerful workstation (Apollo DN10000VS).

Once however

, the can be used again and again in renderings

and visual simulations.

More can be done to optimize and improve technique. First, computation

could be drastically rin many simple variance reduction tech-

niques. Importance sampling of microscal BRDF b

�

bd would the obvious

place to start.

Second, no effort has made to exploit any structure of the matrix M,

in itself or as a postprocess beforusing BRDF

. For

example, the surface shows any about the surface normal, some

terms in the become zero. If this is known before the the

computation could be sped up by reducing the size of matrix and reducing

number of basis functions to be evaluated for each ray

. The resulting matrix

frany could also examined insigni�cant values. Deleting

these compress matrix further and increase the speed of evaluation,

65

since the major expense of evaluation is the matrix multiplication involved.

Third, more work is predicting and measuring error . W e have

developed measure how many coefare needed for a given

BRDF . W e also no real way to measure when the variance of Monte

estimation has declined enough. This is dif�cult because of

a single coef�cient does not affect the variance of the reconstructed function in

simple way .

Fourth, the BRDFs might be represented an another manner for ef�ciency

in evaluation or importance sampling.

Finally

, many other surfaces may yield to this method. For exam-

ple, metallic paint contains of metal suspended in a transparent

remote sensing, the method give accurate predictions of re-

ection from vegetation canopies [Goel 91]. It is not limited to conventional ray

tracing of surfaces; a volume-density ray tracer

, such as described by Ka-

[Kajiya 84], method give BRDFs for clouds (e.g. for remote sens-

ing) or texels [89].

Appendix A

An Ener gy-Consistent Ray T racer

T o simulate scattering accura tely

, we must for all enerin the environ-

ment, assuring energy is neither created nor lost. T o do this, the simulation

maintain the energy balance of each scattering event. The ray tracer used

this thesis models three kinds of in Figure A.1. It associates an

energy with each is each bounce (and divided

into several rays for diffuse scattering), emerging enerdensity for the

interaction. Energy ux converted to radiance, the proper quan-

tity for BRDF

, when a ray �nally exits the model. The is integrated

over the specimen, as explained in Chapter 5, to create a milliscale BRDF .

A.1 Specular Re ection

The BRDF at the micrcontain an ideal specular component b

�

s

. When-

ever ray hits such a microfacet, we the transfer by spawning a ray in the

66

67 _Palatino-Italic r

Figure specular diras in classica l ray-tracing [80 ]. The energy ux sity of this ray dE

�

�

)dE

(A:where dE

is the of the incident ray �

is the incident elevation respect to the facet, �

is the re ection coef�cient for For a perfectly smooth �

is the Fresnel rfor rougher �

be calculated with a morgeneral wave-optics model (e.g. [He 91]). the is very rough, with roughness features much larthe of �

= tracer uses path tracing [86to reduce the number rays Instead of casting two rays from every interaction, one for rand one for subsurface interaction, it randomly sends a re ection ray pr�

dE

dE

if � �

�

0 (A:where a random number from a uniform distribution over (01). If no rtion ray is sent, a subsurface interaction (either directional-difre ection specular transmission) is allowed take place. This gives a stochastic approf the rhdE

�

�

)dE

: (A:A.2 Specular T

The method may be used to model microgeometries that include transparWhenever ray encounters a smooth interface media of ferent rindices, we must calculate the energy transfer through the terface. Neither ener ux nor is prthe [87p. 102], since solid angles are altered. Hecht gives the rAI

�

= AI

�

� AI

�

= A �

(I

� I

where I

I

; and I

are the incident, re ected, and transmitted intensities, rtively

, and A is area covered by the incident beam. A similar change in diance the light exits from the transparent medium. This efignored in ray tracing; many cases, transmission thr plate or through a sphere, the changes in radiance and energy ux density because the angle transmission from the far surface is equal to the of incidence. Sometimes, in transmission throne end and one a cylinder

, trwe must model the effect. In the Monte described in this thesis, the change in solid angle is accounted the distribution of rays. Rays within some incident solid angle d!

will refracted and scattered through the correct angle d!

. tracing, in Section A.1, simulates attenuation of the dE

�

�

)dE

h

�

) dE

: For this thesis, only transmission thrperfectly smooth so the r� Frr�

�

W e must also model the attenuation of the ray as it passes through an imperfectly transparmedium, such as colored glass. This is governed by Bouguer law [81 , pp. I

(S= I

(0)e

K

(S): (A:where S is path distance through the medium (= at the entry point) K

an extinction coef�cient determinedby the material wavelength. a uniform K

(S)= K

and the ray is I

(S= I

(0)e

K

: (A:

Since solid angles are not altered, Equation A.7 is also when intensities arreplaced by energy ux A.3 Dir ectional-Diffuse The most takes place when a ray strikes a facet that directional-difscattering. When ray hits one we send several rays in random directions within the re ection hemisphere. This apprimates scattering according to the ideal-difdirectional-difparts BRDF

. The total eneris dE

�

�

) = dI

dAd!

�

= dE

�

�

; �

�

; �

)dAd!

�

where dE

is re ected energy a dir�

is difpart (including directional-diffuse) of the micrBRDF

, dA is the ferential area on and d!

is angle of re ection. �

�

) is re ection direction with respect to local facet. W e multiply by d!

�

the radiance given �

to energy ux density for the next In our implementation the re ected rays are uniformly distributed in d!

2(A:

where 2is total solid angle of the hemisphere and n is the number of r ected rays A.4 Selection of the Scattering Pr obabili ray tracer described hera uniform scattering probability p(U; V)

2; this no means the only choice or most Many scattering distributions an unbiased estimator �

, prthe p R are chosen as a consistent they may result widely differscattering probability lies at one end of a range include scattering with probability density prto �

and proportional �

�

Distributing rays according �

�

is an example of importance pling (Section4.4), since samples would be concentrated areas with most tribution to the integral. Such a distribution would embody the entire function pR constant for all V. This assumes �

�

can sampled diris straightforward for BRDF approximations, as a Gaussian distribution [W ard 92] or the Phong model [Shirley92approximation used for this thesis (Chapter 3) cannot ef�ciently sampled rectly

For ideal-diffuse �

is constant, �

rays accoring �

�

and would reduce variance; it would more rays toward

Scattering lobe

Ray distribution

FigurPrwith �

zenithandfewertowardthedirectional-difworkswith this distribution (Figure A.2);�

, thepeak the scattering lobe appr�

and the shape �

for most dirdifscatterers grow narrower more concentrated [91 distribution thus avoids sampling most important dirmaximum contribution to the integral and maximum variation of the �

�

tracing can be made much more ef�cient by terminating the paths of contribution to the result is insigni�cant [Hall 83a series of withweightofarayis typicallyuntil itleavesthemodelentirelycould very expensive with not to the rtheusual of intrbias, is expected value of the estimator does not equal of to be bias can sometimes be tolerated some offsetting advantage [Kalos 86 , it is usually and the designer of a Monte algorithm must be carto avoid it ray tracers terminate weak rays by some ( weight > T c = weight * c = we

nc(x(A:a estimator for desired value, then the expected value of C E(C= p

hc(x)+ (1 � p

) � 6hc(x)

wherp

is probability that the weight of a ray will remain above the termination threshold Testimator is biased, because its expected value less the true value of declines as throld is reduced and p

! but this reduced comes at the of incr raytracer usedinthis thesisaltersthealgorithmslightly withRussian roulette,a stochastic techniquethatremovesthewhile retaining ef( weight > T c = weight * else if ( rand() < p ) weight = weight / c = weight * c = wherrand() returns random values from a uniform distribution between 1, and p is the (constant) probability p

a ray whose threshold will survive. expected value E(G= p

hc(x)+ (1 � p

hc(x)p

p

+ 0 � (1 � p

) hc(x)creates an unbiased estimator regardless of of T and p; increither to gain speed increases variance, but not elementary reduction technique is tracer described here strati�es in six incident angles (�

�

(xylocation ofinitial taron the notional plane, and the rangles �

�

) at each diffuse scattering incident and rhemispherare strati�ed in a � 4rectangular (�

�

); this strata of equal solid the Ray the details above apply to any geometric optics only in rays to predict the but also in energy-consistent rto obtain BRDFs was also used, with slight with corrglobal illumination for this main changes arrays diverging from the viewpoint and distributed over the plane, rather than choosing rays from random directions over the hemispherthe for spherical harmonics coefenergy ux density E to radiance I for the eye rays; emitters directly to reduce �rst change simply replaces the ray selection process that from a ray tracer rendering. second also makes ray tracer mor\conventional" in that the quantity estimated is an array of pixels, rather matrix of coef�cients for The third necessary because this calcul ates ener ux rather than radiance, ray tracers [71 ] have traditionally conversion dI

�

d!

(A:wher�

is elevation angle at which the eye strikes the surface, d!

is the solid angle by the emitters is a simple case of importance argenerally much brighter than the rof the environment, irradiance at a point will usually larcan reduce variance the emitters at a greater density than the rest environment.followi steps accomplish a bounding sphere for each each receiving the cone formed by the point and sphere ray intersects an being occluded, add in a tribution from the sum of contributions according the proportion of hemisphersubtended by the solid angle of the sampling emitter cone is sampled in a radially-strati�ed reduce entire incident sphere is sampled separately for indirect discarany samples that directly hit an emitters, or their cones, mayoverlap fora receiving point; this can result in hits on while sampling ignore these hits, counting them as they would cause a given emitter to be sampled can thus two classes, those that contribute to the pixel that strike the intendedIndirsamples of thehemispherethatstrike aandthosethatare discarsamples that chosen emitter entirely thoseanotherthatstrikeanbefore strikingIndirsamplesofthehemisphere thatstrikean

Sometechniquesfor shadingmachinerenderingsIn Proceedingsof 1968 Spring Joint Computer Conference(Atlantic April 30-May 2, Conference Proceedings 32, [Arvo James, and Kirk, transport andimage Proceedings ’90 (Dallas, August 6-10, 1990) 24(4) 1990), [Blinn J., Models of light re ection for computer synthesized picturProceedings of SIGGRAPH ’77 1977) 1(2) (July 1977), [Cabral Cabral, Brian, Rebecca. Bidirre ection functions from surface bump maps. In Proceedings of ’87 California, 27-31, 1987) Computer Graphics 1990), [Cook and E. A re ectance model for ACM on Graphics 1(1) 1982, [Cook L, Thomas and Loren. In Proceedings of SIGGRAPH ’84 (Minneapolis, Minnesota, July 1984) Computer Graphics 18(3) (July 1984), [Gouraud H. Continuous shading for curved surfaces. IEEE on Computers 20(6) (June Robert A., and Nagel, 3-D visual 16(1) (January 1971),

NarendraS.,andThompson,RicharAputermodel for scattering from objectsarbitraryshapesoptical rRemote Sensing of Envir36(2) (1991), [Hall Roy A Methodolo For Realisti c Image Synthesis. sis, Cornell Eugene. Optics. Second esley [He Xiao D., E., Fran cX., and Greenberg,A comprehensive physical model for light re ection. In Prof (Las Nevada, July 28-August 2, 1991) 25(4) (July 1991), [Goral M., Greenberg, Donald Bennett.Modeling the interaction of light difProceedings of SIGGRAPH ’84 Minnesota, July Graphics 18(3) (July 1984), [Howell Morris. Directional behavior re ected radiant energy fra grNASA Note Lewis Research Ohio, August, [Jones M. N. Harmonics and for Classical Field Theory

Sons, New [Kajiya and imothy L. Rendering fur with three mensional textures. In Proceedings of July 31-August 4, 1989) Computer Graphics 23(3) (July 1989), [Kajiya The rendering equation. In Proceedings of ’86 (Dalla s, August 1986) Computer Graphics 20(4) 1986), [Kajiya Anisotrre ectance models. In Proceedings (San Francisco , Califor nia, July 22-26, 1985) Computer (July 1985), [Kajiya James and Herzen, Brian J. Ray tracing volume In Proceedings of (Minneapolis, July Computer Graphics 18(3) (July 1984),

MalvinH.,andWhitlock,PaulaA.MonteMethods

ileySons,[OppenheimandRonaldDiscr imenalProcessing.PrCliffs,New[Nicodemus E., Richmond, Hsia, Ginsberg, Limperis Geometrical considerations and nomenclature rBurStandards Monograph 160, October [Phong Illumination for generated picturof ACM 18(6) (June 1975),

[Polgar G., and R. Directional prof conical cavities. NASA Note D-2904, NASA Lewis searCleveland, Ohio, June, [Poulin Pierre, and Alain. A model for anisotropic rIn Proceedings (Dallas, August 6-10, 1990) 24(4) (August 1990), Nonuniform Random Point Sets via Kirk, David, ed. Academic Press, New 1992, [Sillion Fran cX., Arvo, James, GrberA global illumination solution for rIn Proceedings ’91 (Las Nevada, July 2, Computer Graphics 25(4) (July 1991), [Siegel R., and Howell, R. Thermal Radia tio n Heat spherPublishing, New E. and SparrM. Theory ofspecular re ection from roughened surfaces. Journal of the Optical Society America57(9),

1 E. and SparrM. Ofin the dirof re ected thermal radiation. Journal ransferMay 1966, allac R. Mathematical Analysis of Physical ProblemsMineola, N.

ararGregoryJ.,Rubinstein,Francis and RobertD.Asolution for diffuse interre ection.InProceedingsof SIGGRAPHGeorgia,August1-5, 1988)Computer Graphics22(4) ararGregory J. Measuring andmodeling anisotropic re ection. Pr’92 (Chicago, Illinois, 1992) 26(4) (July 1992), [Whitted urner An improved illumination model for shaded of the ACM 1980,

ylie C., G., Evans, D., Erdahl, A. \Half-tone Drawings In Proceedings of 1967 Fall Joint Computer ConferCalifornia, 1967) Conference Proceedings